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We continue our investigations on the lattice (q(X),⊆) of quasi-uniformities on a set X .
Improving on earlier results, we show that the Pervin quasi-uniformity (resp. the
well-monotone quasi-uniformity) of an inﬁnite topological T1-space X does not have
a complement in (q(X),⊆). We also establish that a hereditarily precompact quasi-
uniformity inducing the discrete topology on an inﬁnite set X does not have a complement
in (q(X),⊆).
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1. Introduction
In this short note we point out that some results published by the authors in [2,4] about complements in the lattice
(q(X),⊆) of quasi-uniformities on a set X can be improved considerably in the light of further insights gained during
the past years. In particular, we prove that the Pervin quasi-uniformity (resp. the well-monotone quasi-uniformity) of an
inﬁnite topological T1-space does not have a complement in (q(X),⊆). We also observe that a hereditarily precompact
quasi-uniformity inducing the discrete topology on an inﬁnite set X does not have a complement in (q(X),⊆). Moreover,
we present an example of a quasi-uniformity P on a set X having a complement W in (q(X),⊆) such that there is no
minimal complement of P coarser than W . Finally we also show that for any inﬁnite cardinal κ , each non-indiscrete
uniformity on a set X inducing a κ-resolvable topology has at least 22
κ
many complements in (q(X),⊆).
2. Preliminary results
In order to ﬁx the terminology we state some basic facts about binary relations deﬁned on a set X . We shall call
a reﬂexive transitive relation on a set X a preorder. As usual, a preorder that is antisymmetric will be called a partial order.
For binary relations A and B on a set X we set B ◦ A = {(x, z) ∈ X × X: there is y ∈ X such that (x, y) ∈ A and (y, z) ∈ B}.
A ﬁlter U on X × X such that each U ∈ U is a reﬂexive relation and for each U ∈ U there is a V ∈ U such that V ◦ V ⊆ U ,
is called a quasi-uniformity on X .
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cent years studies on quasi-uniform spaces mainly concentrated on hyperspaces, asymmetric functional analysis, pointfree
topology and applications of asymmetric topology to computer science (see e.g. [11,8,6,13]).
Note that for any quasi-uniformity U on a set X , the ﬁlter U−1 = {U−1: U ∈ U} is also a quasi-uniformity on X . Here for
each U ∈ U , U−1 = {(y, x) ∈ X × X: (x, y) ∈ U } denotes the relation inverse to U . A quasi-uniformity U satisfying U = U−1
is called a uniformity. The topology τ (U) induced by U on X consists of all subsets G of X such that for each x ∈ G there is
U ∈ U such that U (x) ⊆ G , where U (x) = {y ∈ X: (x, y) ∈ U }.
It is well known that the set q(X) of all quasi-uniformities on a given set X yields a complete lattice provided that
it is partially ordered under set-theoretic inclusion ⊆. The lattice (q(X),⊆) was studied to some extent in [2–4]. These
investigations were surveyed in [5].
The smallest element of (q(X),⊆) is the indiscrete uniformity I = {X × X}, while the largest element is the discrete
uniformity D generated by the base {}, where  = {(x, x): x ∈ X} is the diagonal of X . The lattice of preorders on a set X
embeds as a sublattice (see [2, p. 3153]) into the lattice of quasi-uniformities (q(X),⊆) on X via the embedding T → UT ,
where for each preorder T , UT is the quasi-uniformity on X having base {T }. Observe that D = U .
Note that under this embedding, partial orders yield T0-quasi-uniformities. We recall that a quasi-uniformity U on a set
X is called a T0-quasi-uniformity provided that the preorder
⋂U associated with the quasi-uniformity U is a partial order.
On a ﬁnite ground set X , any quasi-uniformity U is generated by the base {⋂U}. Hence for a ﬁnite set X the lattice of
preorders is isomorphic to the lattice of quasi-uniformities.
The usual concept of a complement from lattice theory leads to the following notion: Two quasi-uniformities U and V
on a set X are called complementary if U ∨ V = D and U ∧ V = I . Here ∨ and ∧ denote the lattice operations of (q(X),⊆).
The set of complements of a given quasi-uniformity in q(X) can be fairly complex, but it can also be empty (see [2,4]).
In particular observe that if V1 and V2 are complements of a quasi-uniformity U and V1 ⊆ V2, then any quasi-uniformity
V3 such that V1 ⊆ V3 ⊆ V2 will also be a complement of U .
For any subset A of X we set S A = [(X \ A) × X] ∪ [X × A]; furthermore let CA =  ∪ [A × (X \ A)]. Then for any subset
A of X , S A is a preorder and CA is a partial order on X . It is known that a quasi-uniformity U on a set X is an atom in
(q(X),⊆) if and only if U is of the form US A where A is a nonempty proper subset of X [2, Propositions 1 and 2]. We also
observe that for any subset A of X , the quasi-uniformities US A and UCA are complementary in (q(X),⊆), since S A ∩ CA = 
and S A ∪ CA = X × X .
It is well known that the compatible Pervin quasi-uniformity of a topological space X is generated by the subbase
{SG : G is open in X} (see [7, p. 28]). Given two ﬁlters F and G on a set X , UF ,G will denote the quasi-uniformity
on X having the base { ∪ [F × G]: F ∈ F , G ∈ G} consisting of transitive entourages (compare [2, p. 3144]).
Remark 1. (Compare [2, Proposition 7].) Let A be a nonempty proper subset of a set X . Then any nondiscrete quasi-
uniformity W on X ﬁner than UCA is a complement of US A : Since obviously US A ∨ W = D, we only have to show that
US A ∧W = I .
Indeed let W ∈ W . Then A× (X \ A) ⊆ S A ◦W ◦ S A , since for any a ∈ A, a′ ∈ X \ A and some (w1,w2) ∈ W ∩[A× (X \ A)]
we have (a,w1) ∈ S A and (w2,a′) ∈ S A . Hence US A ∧ W = I . We conclude that UCA is the smallest complement of US A ,
while any antiatom (see [2]) of (q(X),⊆) ﬁner than UCA yields a maximal complement of US A in (q(X),⊆).
Example 1. As usual (see [7, p. 15]), for any quasi-uniformity U on a set X , Uω will denote the ﬁnest totally bounded quasi-
uniformity on X coarser than U . For instance Dω is the quasi-uniformity on X generated by the subbase {S A: A ⊆ X}, that
is, Dω is equal to the Pervin quasi-uniformity of the discrete topology on X .
It is known that any nondiscrete quasi-uniformity U on an (inﬁnite) set X that satisﬁes Dω ⊆ U does not have a com-
plement in (q(X),⊆) (see [2, Proposition 5]).
3. Complementary quasi-uniformities revisited
Recall that a quasi-uniform space (X,U) is hereditarily precompact (see e.g. [10]) provided that for each U ∈ U and A ⊆ X
there exists a ﬁnite subset F ⊆ A such that A ⊆ U (F ). A quasi-uniformity U on a set X is called totally bounded [7, p. 12]
provided that for each U ∈ U there is a ﬁnite cover C of X such that C × C ⊆ U whenever C ∈ C . It is known that a quasi-
uniformity U on a set X is totally bounded if and only if both U and U−1 are hereditarily precompact [10, Corollary 9].
One might wonder which totally bounded quasi-uniformities have a complement in (q(X),⊆). That readily stated ques-
tion looks diﬃcult and will remain unanswered in this article. As noted before Remark 1, for each set X and subset A of X ,
the totally bounded quasi-uniformity US A has the complement UCA in (q(X),⊆). We also observe that on a ﬁnite set X each
quasi-uniformity is totally bounded and has a complement [2, Proposition 6]. So the formulated question is only of interest
for inﬁnite sets X .
Example 2. (Compare [2, Proposition 7].) This example sheds further light on Remark 1 by taking the complementary view.
Let U be a nondiscrete quasi-uniformity on a set X such that S = {A ⊆ X: UCA ⊆ U} is nonempty.
Since U = D, A ∈ S implies that A is a nonempty and proper subset of X . Then US A ⊆ U would imply that US A ∨
UCA = D ⊆ U — a contradiction. Hence US A  U and since US A is an atom, we see that US A ∧ U = I . Furthermore clearly
D = US A ∨ UCA ⊆ US A ∨ U . Therefore US A and U are complements in (q(X),⊆), provided that A ∈ S .
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Then UCA ⊆ UF ,G . By the preceding argument US A is a complement of UF ,G in (q(X),⊆). Note that the topologies induced
by the quasi-uniformity UF ,G and its conjugate (UF ,G)−1 are both discrete and that US A is totally bounded (compare with
Corollary 3 below).
Our next result shows that if a quasi-uniformity W has atoms as complements, then the supremum of this collection of
atoms is also a complement of W .
Proposition 1. Let W be a quasi-uniformity on an at least 2-point set X . Suppose that (US Ai )i∈I is a nonempty family of atoms in
(q(X),⊆) that are complements of W . Then the supremum ∨i∈I US Ai of these atoms is also a (totally bounded) complement of W
in (q(X),⊆).
Proof. Since I is nonempty, obviously
∨
i∈I US Ai ∨ W = D so that we only have to prove that
∨
i∈I US Ai ∧ W = I . It will
suﬃce to show that for any H ∈∨i∈I US Ai ∧ W we have X × X ⊆ H3. Indeed we are going to show that for any W ∈ W
and any nonempty ﬁnite index set F where for each i ∈ F , Ai is one of the given nonempty proper subsets of X , we have
M := (⋂i∈F S Ai ) ◦ W ◦ (⋂i∈F S Ai ) is equal to X × X .
The set-theoretic complement of
⋂
i∈F S Ai in X × X consists of the union of the ﬁnitely many sets Ai × (X \ Ai) with
i ∈ F . Since W is the complement of each US Ai (i ∈ F ), we can assume that there is W0 ∈ W such that W0 ⊆ ∪(
⋂
i∈F [Ai ×
(X \ Ai)]). Let (w1,w2) ∈ W0 ∩ W be such that w1 = w2. Such a pair (w1,w2) exists, since W = D, because any atom of
(q(X),⊆) is distinct from I . Then w1 ∈⋂i∈F Ai and w2 ∈⋂i∈F X \ Ai .
Given any j ∈ F , as well as any a j ∈ A j and a′j ∈ X \ A j , we have that (a j,w1) ∈
⋂
i∈F S Ai , because
⋂
i∈F [X × Ai] ⊆⋂
i∈F S Ai , and furthermore (w2,a′j) ∈
⋂
i∈F S Ai , because
⋂
i∈F [(X \ Ai) × X] ⊆
⋂
i∈F S Ai . We conclude that [A j × (X \ A j)] ⊆
(
⋂
i∈F S Ai )◦W ◦(
⋂
i∈F S Ai ). Since j ∈ F was arbitrary and obviously
⋂
i∈F S Ai ⊆ M , we have shown that X× X = (
⋂
i∈F S Ai )◦
W ◦ (⋂i∈F S Ai ). Hence the assertion is veriﬁed. 
Let us next observe that on an inﬁnite set X a hereditarily precompact quasi-uniformity cannot have a hereditarily
precompact complement in (q(X),⊆), since the supremum of (two) hereditarily precompact quasi-uniformities is heredi-
tarily precompact [10, Corollary 8] and D is not precompact. Indeed we show next that — as expected — in some sense a
complement of a totally bounded quasi-uniformity has to be rather ﬁne.
Example 3. If a topological space X admits a quasi-uniformity U (that is, τ (U) is equal to the topology of X ) which has a
totally bounded complement V in (q(X),⊆), then X is the union of ﬁnitely many U -discrete subspaces:
Indeed there are U ∈ U and V ∈ V such that U ∩ V = . Furthermore by total boundedness of V there is a ﬁnite
cover C of X such that C × C ⊆ V whenever C ∈ C . It follows that for each C ∈ C and x ∈ C we have that x ∈ U (x) ∩ C ⊆
U (x) ∩ V (x) = {x}. Hence for each subspace C ∈ C of (X,U) we see that the quasi-uniformity U restricted to C is discrete.
It follows for instance that a second-countable topology τ on an uncountable set X cannot admit a quasi-uniformity
U having a totally bounded complement V in (q(X),⊆), since (X, τ ) does not have an uncountable subspace carrying the
discrete topology.
A similar argument yields the following result.
Lemma 1. If a hereditarily precompact quasi-uniformity U on a set X has a complement V in (q(X),⊆), then any nonempty τ (V)-
open set H contains a nonempty ﬁnite set belonging to τ (V).
Proof. Since U ∨ V = D, there are U ∈ U and V ∈ V such that U ∩ V = . For some integer m  1, we now construct
inductively a sequence (xi)0im−1 of points in X and a ﬁnite decreasing sequence (Gi)0im−1 of nonempty sets belonging
to τ (V) such that for each i with 0 i m − 1 we have Gi ∩ U (xi) = {xi}. Take any x0 ∈ H and set G0 = H ∩ intτ (V) V (x0).
By our assumption on V and U the induction hypothesis holds at stage i = 0. Suppose that for some integer i  1, x j and G j
have been chosen such that the induction hypothesis holds for any j with 0 j < i. Find (if possible) xi ∈ Gi−1 \⋃i−1j=0 U (x j).
Set Gi = Gi−1 ∩ intτ (V) V (xi). Then xi ∈ Gi and Gi ∩ U (xi) ⊆ V (xi) ∩ U (xi) = {xi}. Hence the induction hypothesis is veriﬁed
at stage i. Since U is hereditarily precompact, the construction of the sequence (xi) stops after ﬁnitely many steps, say with
x0, . . . , xm−1 where m  1, because otherwise the subspace {xi: i ∈ N} of (X,U) would not be precompact. Consequently
Gm−1 ⊆ ⋃m−1j=0 U (x j). Then Gm−1 is a nonempty set belonging to τ (V) and Gm−1 ∩ U (x j) ⊆ G j ∩ U (x j) for any j such
that 0  j m − 1. Therefore Gm−1 = Gm−1 ∩⋃m−1j=0 U (x j) ⊆ {x0, . . . , xm−1} is ﬁnite. Hence there is a ﬁnite nonempty set
belonging to τ (V), which is a subset of H . 
Corollary 1. If a topological T0-space (X, τ ) admits a quasi-uniformity U which has a hereditarily precompact complement in
(q(X),⊆), then the set of isolated points is dense in (X, τ ).
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Corollary 2. Let U be a totally bounded quasi-uniformity on a set X with a complement V in (q(X),⊆). Then any nonempty τ (V)-
open set contains a ﬁnite nonempty τ (V)-open set, and any nonempty τ (V−1)-open set contains a ﬁnite nonempty τ (V−1)-open
set.
Proof. The totally bounded quasi-uniformity U on X is hereditarily precompact [7, p. 12]. So the ﬁrst part of the statement
follows from Lemma 1. Furthermore if U is totally bounded, then U−1 is totally bounded, too [7, p. 12]. Moreover recall
that if V is a complement of U in (q(X),⊆), then V−1 is a complement of U−1 in (q(X),⊆) [2, p. 3152]. An application of
Lemma 1 to U−1 and V−1 now yields the statement about τ (V−1). 
Corollary 3. If a topological T0-space X admits a quasi-uniformity U which has a totally bounded complement in (q(X),⊆), then the
set of isolated points is dense in both (X, τ (U)) and (X, τ (U−1)).
Proof. Observe that if for a quasi-uniformity U , τ (U) is a T0-topology, then τ (U−1) is a T0-topology, too. Hence the
assertion follows from Corollary 2. 
In [4, Lemma 5] it is stated that if U is a quasi-uniformity on a set X inducing the discrete topology such that for
each U ∈ U there is an x ∈ X where X \ U (x) is ﬁnite, then U does not have a complement in (q(X),⊆). As the proof
of that result in [4] indicates, the authors tacitly assume that the ground set X is inﬁnite, since otherwise indeed the
discrete uniformity on a ﬁnite set would yield an obvious counterexample to their statement. In the context of hereditarily
precompact quasi-uniformities we next formulate a related result.
Corollary 4. A hereditarily precompact quasi-uniformity U inducing the discrete topology on an inﬁnite set X cannot have a comple-
ment V in (q(X),⊆).
Proof. Suppose the contrary, that is, V is a complement of U . Considering H = X we see that a ﬁnite nonempty subset G
of X belongs to τ (V) according to Lemma 1. But since G is open and compact in τ (U) as well as in τ (V), it follows that
G is strongly contained in itself with respect to the induced quasi-proximities δU and δV (see [7, Proposition 1.43]). Hence
by [7, Theorem 1.33] we have SG ∈ V and SG ∈ U . Thus U ∧ V = I , since ∅ = G = X . We have reached a contradiction and
conclude that U does not have a complement in (q(X),⊆). 
The following result considerably improves on [4, Corollary 3] which states that the Pervin quasi-uniformity (or the
well-monotone quasi-uniformity (for a deﬁnition of the well-monotone quasi-uniformity see [9, p. 244])) of an irreducible
T1-space does not have a complement in (q(X),⊆).
Corollary 5. Let P be the Pervin quasi-uniformity (resp. the well-monotone quasi-uniformity) of an inﬁnite topological T1-space
(X, τ ). Then P does not have a complement V in (q(X),⊆).
Proof. Suppose otherwise, that is, V is a complement of P . Then V−1 is a complement of P−1 [2, p. 3152]. In either case
P−1 is hereditarily precompact, since each Pervin quasi-uniformity is totally bounded [7, p. 28] and the conjugate of each
well-monotone quasi-uniformity is hereditarily precompact (compare [10, Corollary 8]). By Lemma 1 τ (V−1) possesses a
ﬁnite (compact) nonempty subset G . Hence as in the proof of Corollary 4 one sees that SG ∈ V−1 and thus S X\G ∈ V . But
since τ is a T1-topology, we have that X \ G ∈ τ , and therefore S X\G ∈ P in either case. Thus S X\G ∈ P ∧ V = I , because
X = X \ G = ∅. We have reached a contradiction and conclude that P does not have a complement in (q(X),⊆). 
Example 4. Let X = Z be equipped with the lower topology τ = {∅,Z} ∪ {(−∞,a]: a ∈ Z}. Then X is a T0-space, but its
Pervin quasi-uniformity P has a complement in (q(X),⊆): Indeed let W be the quasi-uniformity on Z generated by the
subbase {CG : ∅ = G = X, G ∈ τ } on Z. Note that W is not discrete. So by Remark 1, W is a complement of each atom USG
where G is a nonempty proper open subset of (X, τ ). Thus W is a complement of the Pervin quasi-uniformity P according
to Proposition 1.
Example 5. With the help of Zorn’s Lemma one can show that in the lattice of all preorders on a set X for any given
preorder P and any complement Q of P in that lattice there is a ⊆-maximal preorder R extending Q such that P ∩ R = 
(compare [14, p. 149]). Hence in the lattice of preorders on X , R is a minimal complement of P .
We shall use Example 4 to show that the lattice (q(X),⊆) behaves differently in this respect. Indeed we want to show
that there does not exist a minimal complement of P in (q(X),⊆) which is coarser than W : In order to reach a contradic-
tion, suppose that M is such a minimal complement of P coarser than W .
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without loss of generality that for some k ∈ N the set F is equal to the interval [−k,k] of Z.
For each n ∈ N set Tn =⋃np=−n C(−∞,p] . Then obviously for each n ∈ N, Tn \ is the set-theoretic complement in X× X of
Pn :=⋂p∈[−n,n] S(−∞,p] . Note that each Tn is a transitive relation on Z, because a, p1,b, p2, c ∈ Z with a p1 < b  p2 < c
implies that a p1 < c.
Observe next that M ⊆ Tk and thus UTk ⊆ M. Note also that (−(k + 1),−k) /∈ M , because (−(k + 1),−k) /∈ Tk .
Since Tk ⊆ Tk+1, we have UTk+1 ⊆ UTk ⊆ M ⊆ W . Because Pk+1 ∩ Tk+1 =  and W is a complement of P in (q(X),⊆),
UTk+1 is also a complement of P in the lattice (q(X),⊆), which is coarser than W .
But M /∈ UTk+1 , since (−(k + 1),−k) ∈ Tk+1 and (−(k + 1),−k) /∈ M , as we noted above. Therefore we have reached a
contradiction by showing that UTk+1 is a complement of P which is strictly coarser than M and so also coarser than W .
We conclude that there is no minimal complement of P coarser than W in (q(X),⊆).
Problem 1. The authors do not know whether for any set X each complement V of a quasi-uniformity U of (q(X),⊆) is
coarser than a maximal complement V ′ of U in (q(X),⊆).
It may be worthwhile to point out next that a related question has a positive answer. Recall that a quasi-uniformity is
called transitive [7, p. 27] provided that it has a base consisting of transitive relations.
We recall that the inﬁmum of two transitive quasi-uniformities in the lattice (q(X),⊆) need not be transitive (see [4,
Example 2]), while the supremum in (q(X),⊆) of an arbitrary family of transitive quasi-uniformities is obviously transitive.
It then makes sense to consider the complete lattice (tq(X),⊆) of all transitive quasi-uniformities on a set X . In the follow-
ing, the operation
∧
t applied to a family of quasi-uniformities on X will mean taking the ﬁnest transitive quasi-uniformity
coarser than the inﬁmum of that family in the lattice (q(X),⊆).
Example 6. Let R be equipped with the Sorgenfrey quasi-metric d, which is deﬁned by d(x, y) = x− y if x y and d(x, y) = 1
otherwise (see [7, p. 4]). Then obviously Ud ∨ (Ud)−1 = D and UE = Ud ∩ (Ud)−1 = Ud ∧ (Ud)−1, where UE is the usual
Euclidean uniformity on R. On the other hand clearly Ud ∧t (Ud)−1 = I (compare [5, p. 695]), since the topology τ (UE ) is
connected: Indeed if Ud ∧t (Ud)−1 = I , then there would be a preorder T ∈ UE such that T = R × R, and so there would be
an x ∈ R such that T (x) is a nonempty proper τ (UE)-clopen subset of R, since also T−1 ∈ UE , because UE is a uniformity —
a contradiction.
Given a set X , let us call quasi-uniformities U and V in (q(X),⊆) t-complementary provided that U ∨ V = D and U ∧t
V = I . Obviously if U and V are complementary quasi-uniformities on X , then they are t-complementary. As we have seen
in Example 6, the quasi-uniformities Ud and (Ud)−1 are t-complementary, but not complementary in (q(R),⊆).
Proposition 2. In (q(X),⊆) we have the following equality:
R ∧t
∨
i∈I
Ri =
∨
i∈I
(R ∧t Ri)
for any chain (Ri)i∈I of quasi-uniformities and any quasi-uniformity R on a set X.
Proof. Since the family (Ri)i∈I is a chain, a base for the quasi-uniformity on the right-hand side of the equality is
{tr(R ∪ Ri): R ∈ R, Ri ∈ Ri, i ∈ I}, which obviously also yields a base for the quasi-uniformity on the left-hand side.
(Here for any binary relation A on a set X , tr(A) denotes the transitive hull
⋃
k∈N Ak of A.) Hence the two transitive
quasi-uniformities under consideration are equal. 
Corollary 6. For each quasi-uniformity R on a set X with a t-complement S in (q(X),⊆), there is a maximal t-complement S ′ of R
in (q(X),⊆) ﬁner than S .
Proof. Given the two t-complementary quasi-uniformities S and R in the lattice (q(X),⊆), by Zorn’s Lemma and making
use of Proposition 2, we can ﬁnd a maximal t-complement S ′ of R ﬁner than S in (q(X),⊆) as the supremum of a maximal
chain of t-complements of R ﬁner than S in (q(X),⊆). 
The results presented in this section so far suggest the following two open problems.
Problem 2. Let U be a quasi-uniformity on a set X having totally bounded complements V1 and V2 in (q(X),⊆). When is
V1 ∨ V2 a complement of U in (q(X),⊆)?
Is V1 coarser than some quasi-uniformity V ′1 on X that is maximal among the totally bounded complements of U in
(q(X),⊆)?
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a complement in (q(X),⊆). It is an interesting observation due to C. van Olmen (Antwerp, Belgium) that this result and
its underlying techniques admit the following cardinal generalization, which we include here with his permission. In the
following we suppose that κ is an inﬁnite cardinal number.
Deﬁnition 1. For a bitopological space (X, τ1, τ2) we say that τ1 is κ-biresolvable with respect to τ2 provided that there
exists a family of cardinality κ of pairwise disjoint dense sets (Di)i∈κ in (X, τ1) such that X \ (⋃i∈κ Di) is dense in (X, τ2).
Proposition 3. Let (X,U) be a quasi-uniform space such that τ (U) is κ-biresolvable with respect to τ (U−1). Suppose furthermore
that there is an entourage V ∈ U such that (x, y) ∈ V 3 \  implies that V 3(x) ∪ (V−1)3(y) = X. Then U has at least 22κ many
complements in (q(X),⊆).
Proof. The proof is a modiﬁcation of [2, Lemma 11]. Take R = (X × X) \ (V 3 \ ). Then we have R2 = X × X . Indeed we
argue similarly as in [2]: Note that U = D by the biresolvability condition. Let (x, y) ∈ V 3 \ . By the assumption on V
we ﬁnd a ∈ X \ (V 3(x) ∪ (V−1)3(y)). Thus (x,a) /∈ V 3 and (a, y) /∈ V 3. Therefore (x,a) ∈ R and (a, y) ∈ R , so that we can
conclude that (x, y) ∈ R2. It follows that R2 = X × X as stated.
Suppose furthermore that (Di)i∈κ witnesses κ-biresolvability of τ (U) with respect to τ (U−1). Take any nonempty subset
J of κ and deﬁne
T J =  ∪
[((⋃
j∈ J
D j
)
×
(
X \
⋃
i∈κ
Di
))
\ V
]
.
This gives a transitive relation on X , since
⋃
j∈ J D j is disjoint from X \
⋃
i∈κ Di . Now consider the quasi-uniformity
V J := UT J generated by the base {T J } on X .
Since T J ∩ V =  we have U ∨ V J = D. On the other hand, take any L ∈ U ∧ V J and consider M ∈ U ∧ V J such that
M6 ⊆ L. Then there exists W ∈ U such that W ∪ T J ⊆ M . Set Da =⋃ j∈ J D j and Db = X \⋃i∈κ Di . Similarly as in [2] we
show that R ⊆ WT JW : In the ﬁrst paragraph of the present proof we observed that V 3 = X × X , hence R \  = ∅. Let
(x, y) ∈ R \ . There are d1 ∈ Da ∩ (V ∩ W )(x) and d2 ∈ Db ∩ (V ∩ W )−1(y). In order to reach a contradiction, assume ﬁrst
that (d1,d2) ∈ V . Then (x, y) ∈ V 3 and hence by deﬁnition of R , (x, y) /∈ R . We have reached a contradiction and conclude
that (d1,d2) /∈ V . Thus (d1,d2) ∈ T J by deﬁnition of T J . It follows that (x, y) ∈ WT JW and so R ⊆ WT JW , as asserted.
[In particular let us note for later use that the following modiﬁcation of the preceding argument shows that for ∅ =
J1, J2 ⊆ κ such that J2 \ J1 = ∅ we have that T J2 \ T J1 = ∅: Similarly as in the preceding paragraph, by considering T J2\ J1
it follows that with the help of some chosen (x, y) ∈ R \  we ﬁnd (d1,d2) ∈ T J2\ J1 \  = T J2 \ T J1 .]
Hence we have that
R2 ⊆ (WT JW )(WT JW ) ⊆ M6 ⊆ L
and so U ∧V J is the indiscrete uniformity on X . This gives us 2κ many complements of U , since, as noted in the paragraph
in brackets, for any ∅ = J1, J2 ⊆ κ with J1 = J2 we have V J1 = V J2 . However, if we consider any ﬁlter F on κ , we can
even deﬁne the quasi-uniformity VF on X generated by the collection {T F : F ∈ F}. This quasi-uniformity is the supremum
of VF with F ∈ F and so obviously U ∨ VF = D.
On the other hand for the inﬁmum, we can use the same technique as above: This follows from the simple fact that for
F ,G ∈ F we have T F ∩ TG = T F∩G . So there exist W ∈ U and F ∈ F such that W ∪ T F ⊆ M for M ∈ U ∧ VF with M6 ⊆ L,
where L is any element of U ∧ VF .
Hence every ﬁlter F on κ deﬁnes a complement VF of U . Indeed take two different ﬁlters F and G , say, there exists
A ⊆ κ such that A ∈ F and A /∈ G . Therefore for all G ∈ G we have G  A, which gives as above TG  T A and thus VF = VG .
Hence we have at least 22
κ
many complements of U in (q(X),⊆) (see e.g. [12]). 
It was noted in [2, Proposition 8] by the following simple argument that for uniformities U different from the indiscrete
uniformity, the second condition of Proposition 3 is always fulﬁlled: There is some U ∈ U such that U = X × X . Choose a
symmetric entourage V ∈ U such that V 9 ⊆ U . Note that V 3(x) ∪ V 3(y) = X whenever (x, y) ∈ V 3 \ : Otherwise for some
(x, y) ∈ V 3 \  we get X × X = [V 3(x) ∪ V 3(y)] × [V 3(x) ∪ V 3(y)] ⊆ V 9 ⊆ U — a contradiction.
Furthermore, for uniformities the ﬁrst condition of Proposition 3 amounts to κ-resolvability of the underlying topological
space (compare e.g. [1]). Hence we obtain the following corollary of Proposition 3.
Corollary 7. Each non-indiscrete uniformity on a set X inducing a κ-resolvable topology has at least 22
κ
many complements in
(q(X),⊆).
Proof. The argument was outlined before the statement of the corollary. 
E.P. de Jager, H.-P.A. Künzi / Topology and its Applications 158 (2011) 2287–2293 2293A nice example of this phenomenon is (R,UE), where, as before, UE denotes the usual Euclidean uniformity on R.
It is known that (R, τ (UE )) is c-resolvable [1]. Hence the uniformity UE has exactly 22c many complements in (q(R),⊆).
We also observe that the totally bounded (quasi-)uniformity (UE )ω on R has 22c complements in (q(R),⊆) by the same
argument.
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